Abstract. We give a mathematical formulation of the relation between Chern-Simons theory and the open topological string: open Gromov-Witten invariants in a Calabi-Yau 3-fold are defined with coefficients in skein modules of the Lagrangian branes. In this framework, various assertions in topological string theory can be made rigorous using the methods of Gromov-Witten theory and symplectic field theory. In particular, we prove here that the HOMFLYPT polynomial of a knot in the 3-sphere counts holomorphic curves ending on the Lagrangian obtained by following the knot conormal through the conifold transition.
Introduction
The enumeration of closed pseudoholomorphic curves in symplectic manifolds is by now a mathematically mature subject, enjoying a multitude of foundational treatments and a myriad of remarkable calculations. By contrast, the counting of curves with Lagrangian boundary conditions is less well established. The basic difficulty is that while degenerations of closed curves are of real codimension two in moduli, leading one to expect numerical invariance in one-parameter families, the boundary degenerations of curves with boundary are of real codimension one in moduli.
Nevertheless, there are many calculations and predictions of open curve counts in the string theory literature. The fundamental idea behind all of these is the relation between the open string with boundary on a Lagrangian brane and the Chern-Simons quantum field theory on that brane itself [61] . However, most mathematical predictions are easiest to formulate after removing the brane by a 'geometric transition', e.g. in the relation between Chern-Simons theory on the 3-sphere, and Gromov-Witten theory in the 'resolved conifold', i.e. the total space of the bundle O(−1) ⊕2 → CP 1 [21, 22] . In particular, given a knot K ⊂ S 3 , its quantum sl N invariants were predicted to carry equivalent information to the count of holomorphic curves ending on a suitable Lagrangian submanifold L K of the resolved conifold [42] . This point of view has led to many insights into the nature of these knot invariants, see e.g. [38] for an overview. Its real power is however that the pseudo-holomorphic curve counts, in principle a problem of enumerating solutions to certain nonlinear partial differential equations, is reduced to the problem of computing knot invariants by manipulating knot TE is supported by the Knut and Alice Wallenberg Foundation and the Swedish Research Council. VS is partially supported by the NSF grant CAREER DMS-1654545.
diagrams, which is a problem of algebra. In particular, a formula for the Gromov-Witten invariants of toric Calabi-Yau varieties was predicted by degenerating them into pieces (the 'topological vertex') whose Chern-Simons dual is a simple link of three unknots [1] .
In the mathematical literature, there has been much study of open Gromov-Witten invariants in situations where special features of the geometry of the problem allow the boundaries of moduli to be avoided or cancelled, e.g. in the presence of an S 1 -action [31, 23, 36] or an antiholomorphic involution [52, 44, 18] . In these settings, the invariants are typically calculated (if not defined) by equivariant localization. This is the nature of our current mathematical understanding of the topological vertex [35] , and other related predictions in S 1 -equivariant settings [41, 8, 13] .
In the absence of such special features, other authors have observed that to define invariants, it is necessary to incorporate linking numbers of the boundaries of holomorphic curves, either directly [58, 28] , or implicitly through the use of algebraic [15, 7, 53] or geometric [26, 27, 11] bounding chains.
1
The appearance of the linking number is not unrelated to the open string/Chern-Simons relationship mentioned above: the linking number is the knot invariant corresponding to the abelian Chern-Simons theory [60] , i.e. the N = 1 case of the U (N ) Chern-Simons theory. From this point of view, it is natural to expect that one can incorporate richer information than just the linking number into the definition of the open Gromov-Witten invariants. Indeed, the Jones polynomial [30] and its generalizations [14, 48, 55, 49] can all be obtained from the Chern-Simons theory [60] .
We recall in particular that the (framed) HOMFLYPT polynomial is characterized by the skein relation given in Figure 1 , and the U (N ) invariant is recovered by taking a = q N 2 . We follow the string theoretic reasoning a bit further to understand more precisely how this missing information should be encoded. In topological string theory, non-constant holomorphic curves which end on a Lagrangian brane are said to introduce 1-dimensional 'defects' into the Chern-Simons theory of the Lagrangian, along their boundaries. A defect is a way of modifying the path integral of the theory, for instance by including into the integral the trace of the holonomy around a loop, or by changing the space integrated over from connections without singularities to connections with some specific singularity along the loop. In any event, one can regard two defects as equivalent if they have the same effect on the path integral.
To understand the space of defects, note that a 1-dimensional defect along a circle is characterized by the state it creates on a 2-dimensional torus bounding a neighborhood of the circle. On the other hand, any solid torus, possibly with defects inserted, can itself be 1 The interpretation as linking numbers per se is specific to the case of 3 dimensional Lagrangians; in general one should consider the analogous intersection number in string topology. In this paper we restrict ourselves to the 3 dimensional case, but note that in higher dimensions, similar ideas should lead to a count valued in a quantization of string topology generalizing the skein quantization of the Goldman bracket [56] .
regarded as a line defect by a similar cutting. The state space of the torus is known [60] , and it is possible to show that it is generated by Wilson lines in the standard representation along knots inside the solid torus. It follows from this that the space of 1-dimensional defects that can be inserted in a given manifold M is a specialization of the skein of M : the space of formal linear combinations of 1-manifolds, modulo isotopy and the skein relation.
Because a given holomorphic curve contributes a defect to the U (N ) Chern-Simons theory for any N , it is natural to think of its boundary as lying in the HOMFLYPT skein, rather than the U (N ) skein for some fixed N . While the Chern-Simons path integral is not at present mathematically well defined, the skein is a perfectly sensible mathematical object, and indeed has been studied extensively in the mathematical literature [54, 47, 40, 59, 32, 2, 37, 24, 39] . Thus we interpret the string theory as making the mathematically intelligible prediction that the count of holomorphic curves takes values in the skein. The first goal of this paper is to give a mathematical account of how to count open holomorphic curves in this manner. We define our skeins over Q q = Z[q
, the use of which amounts to avoiding special phenomena when q is a root of unity. For a connected oriented 3-manifold M , we write Sk(M ) for the Q q [a ± ]-module generated by embedded framed 1-manifolds in M , modulo isotopy and the skein relations of Figure 1 . Note that the second relation asserts that a change of framing corresponds to multiplication by a. Correspondingly, we term a the framing variable. When M is disconnected, M = M i , where M i are the connected components, we write Sk(M ) := Qq Sk(M i ). The result is a module over Q q [a ± i ], where we use a i for the framing variable in M i .
We write g s for a formal parameter, which plays the role of the string coupling constant in physics. The substitution q → e gs := g n s n! determines an injective ring homomorphism Q q → Q((g s )). We write Sk(M ) := Sk(M ) ⊗ Qq Q((g s )).
Remark 1.1. Note that knots directly define elements of Sk(M ), which we then complete to Sk(M ). It will follow from our comparison results that certain Gromov-Witten invariants, which by definition are power series in Sk(M ), in fact come from Sk(M ). This implies in particular certain convergence, rationality, and integrality statements about the invariants.
Let X be a 6-dimensional symplectic manifold, which is Calabi-Yau and either compact or asymptotically convex at infinity, see Section 7.2. Let L = k j=1 L j be a collection of disjoint Maslov zero Lagrangian submanifolds, closed or with asymptotically Legendrian boundary. (Note that Maslov zero implies orientability which in dimension three means parallelizable and in particular spin.) We work with the skein Sk(L) = Qq Sk(L j ) and its completion Sk(L).
Fix an almost complex structure J on X compatible with the symplectic form, and generic vector fields ξ i on L i . We study (perturbed) pseudo-holomorphic stable maps from possibly disconnected domains u : (Σ, ∂Σ) → (X, L). In our perturbation setup, we do not perturb constant maps: any constant map is holomorphic and if Σ u * ω = 0 then u is a constant map. As usual we require coherence of perturbations; in particular the map from a curve is holomorphic precisely when the induced map on its normalization is. We discuss perturbation in more detail in Section 5.
Note that because we have not perturbed constants, any pseudo-holomorphic map determines many other associated maps obtained by gluing additional components to the domain which are contracted by the map. When a map contracts no component of the domain, we will say it is primitive.
For appropriate choice of perturbation, it can be ensured that all primitive holomorphic maps are embeddings of smooth curves. Then, all other maps are obtained from these by attaching contracted components in a standard way. This means that the moduli of maps is a union of points for primitive contributions (in which no components are collapsed) and positive dimensional moduli of degenerate contributions. It is possible to use Kuranishi techniques to define a dimension zero virtual chain on each component [36] , but the chain depends on the choice of a nonvanishing section of the normal bundle at the boundary of the curve u. It is possible to make such a choice using the same structures that we use to frame the boundary. Having done so, a calculation (made in the closed-string case in [43] ) would show the total contribution of all maps associated to a given primitive map u of Euler characteristic χ(u), that corresponds to a weighted 0-manifold of weight w(u) in the moduli space, to be (e 1 2 gs − e
We discuss how one might define this chain and obtain the above formula in Section 5.3. However, for our purposes here we just side-step this issue and declare that we only count primitive curves u but weight them by (e 1 2 gs − e 
gs )
−χ(u) .
As always in Gromov-Witten theory, each map u determines a class u * [Σ] ∈ H 2 (X, L), and we will use these to write power series collecting our invariants. To be precise we write e.g. Z[[H 2 (X, L)]] for the completion of the group ring along the cone of curves with positive symplectic area. We also will use variables and coefficients arising from further topological data.
We define in Section 3 a linking number uAL for such a holomorphic map which is an immersion near L (which can always be ensured after perturbation). It will depend on certain auxiliary topological data; in particular, a 4-chain C with ∂C = 2L, and a 2-chain σ with ∂σ = (C \ L) ∩ L. More precisely, there will be a linking number uAL j for each component L j of L, and we write a uAL := a
, where a = (a 1 , . . . , a k ). We write ∂u for the image of the boundaries of the non-contracted components. By genericity, this is embedded with tangent vector τ everywhere linearly independent from ξ i | ∂u , and hence ∂u equipped with the vector fields ν normal to the plane spanned by τ and ξ i is a framed link. We write ∂u := ∂u j ∈ Sk(L) for the class of the boundary in the skein of the brane.
gs − e
Here, the sum over u is the sum over all primitive maps from possibly disconnected domains, such that the image of every component has strictly positive symplectic area. As explained above, the factor (e 
−χ should be regarded as accounting for the degenerate contributions. Were we to give a detailed treatment of virtual classes for these degenerate contributions, we could sum over all maps, instead of including by hand this prefactor; the result would be the same.
2) The skein valued curve count Ψ X,L,λ is invariant under deformation and independent of generic choice of λ. In particular it does not depend on the choice of complex structure or vector field, and is invariant under exact deformations of L.
Remark 1.4. Changing the 4-chain and 2-chain alters the invariant by a monomial change of variables in the (a, Q).
A full account of the proof of Theorem 1.3 would consist of two parts: first, some foundational discussion of how to achieve transversality of various moduli spaces; and second, given said transversality, how to treat the new problems of invariance which arise in the open string setting. The transversality issues are similar to those which are encountered in the closed string case. By now there are many approaches to this problem; see e.g. [50, 17, 25, 45] . For the 'Kuranishi' approach to open string transversality at genus zero, see [16] , and at higher genus see [36, 26, 27] . Here we will content ourselves with making precise statements (in Section 5.1) of what is required in our approach, and sketching proofs (in Section 5.2), with more details in places where we depart from the standard methods.
Our main new contribution is in the second part: how to get invariants. There is a basic difficulty in the open string setting: moduli spaces have boundary, and so in 1-parameter families, the (virtual) counts do not remain constant. Such boundaries of moduli correspond to the appearance of boundary nodes in the holomorphic curves themselves. The key observation to solve this problem is as follows. A 1-parameter family approaching the boundary of moduli space determines a family of curves that limits to a map from a curve with a single nodal boundary point u u × : (Σ × , ∂Σ × ) → (X, L), the image of the boundary near the node behaves as H . But this family is always accompanied by another: the deformation of the map from the normalization u : ( Σ × , ∂ Σ × ) → (X, L). Note this map is in the interior of moduli space. A 1-parameter family u t passing through this point in moduli describes a family of curves whose boundaries ∂ u − ∂ u ∂ u look like ! ".
Because these two phenomena always occur together, the count of curves weighted by their boundaries, taken modulo this difference, is invariant. The boundaries of the curves involved are precisely the three terms in the skein relation. The (q
2 ) in the skein relation appears due to accounting for higher genus curves obtained from these by attaching constant curves, as in [43] .
Having defined these invariants, we next give an account of their behavior under the conifold transition, i.e. the passage between the cotangent bundle of S 3 and the 'resolved conifold', the total space X of the bundle O(−1) ⊕ O(−1) over P 1 . We prove:
where a is the framing variable in S 3 and a L = (a 1 , . . . , a m ) is the framing variable in L.
The proof uses the above invariance result, symplectic field theory (SFT) stretching, and the observation that the contact cosphere bundle of S 3 has no index zero Reeb orbits. The denominator on the right hand side is the closed Gromov-Witten partition function of the conifold. In some sense it appears because we have not counted constant curves in T * S 3 .
Note the left hand side takes values in Sk( 
Shift L K off of S 3 using a non-zero closed 1-form in a tubular neighborhood of K. We denote the resulting non-exact Lagrangian submanifold by L K still. It is possible to show that L K admits the appropriate brane structures in T * S 3 \ S 3 , hence also in the resolved conifold X. By Theorem 7.6,
It follows from Theorem 6.2 that this quantity is an isotopy invariant of links. This invariant takes values in the skein of the solid torus, so to describe it more explicitly we choose a basis for this skein. Recall from [54] that Sk(T) is a free polynomial algebra over
, with generators indexed by nonzero integers.
The algebra can be viewed as a Z-graded, with deg( i ) = i; the grading records the class in H 1 (T) determined by the skein representative. We write Sk + (T) and Sk − (T) for the subalgebras on the positive and negative generators. Then Sk(T) = Sk + (T) ⊗ Sk − (T) and
module on a basis naturally indexed by partitions.
In particular, if we fix a basis for the skein of the solid torus, e.g. monomials in the i , we may extract the corresponding coefficients of
In this paper we will compute just the simplest term.
To prove this result, we show that the corresponding curve count is in fact just the count of a single cylinder (or union of cylinders if K is a link), namely that traced out by the knot in its conormal as the conormal is pushed off from the zero section. This cylinder is counted by its boundary, which is precisely K ⊗ 1 ⊗ 1 ⊗ · · · ⊗ 1 . Passing through the conifold transition, we have:
Remark 1.8. We note a piece of mathematical context for this result: the Legendrian isotopy type of the boundary of L K is a complete knot invariant [51, 10] . In fact the Legendrian DGA and its higher genus generalization interact with the holomorphic curve counts [11] . Remark 1.9. It is possible to show that the other coefficients of Ψ T * S 3 ,S 3 ∪L K (in the appropriate basis for the skein of the solid torus) are the colored HOMFLYPT polynomials. This can be deduced in one of two ways; either from geometrically understanding the perturbation of the multiple covers of the cylinder discussed above, or by showing (using the non-degeneracy of the S-matrix) that the question is universally determined by the Hopf link, and invoking the known relation of the colored HOMFLYPT polynomials of the Hopf link to an appropriate Gromov-Witten question in the conifold. 2 In there is a natural identification of Sk + (T) with the ring of symmetric functions. In terms of this identification, it is better to use a different basis for the skein of the solid torus, corresponding to the Schur polynomials under the isomorphism with symmetric functions. However, there is no difference for this term.
Another direction raised by the above discussions has to do with cotangent bundles of other 3-manifolds. Note that the stretching argument above depended on the nonexistence of index zero Reeb orbits. To have no such orbits, the manifold must be simply connected and hence the 3-sphere [46] . For other 3-manifolds, there will be a more interesting story obtained by taking curves asymptotic to index zero Reeb orbits into account. We will develop further both these directions in a sequel.
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Recollections on Gromov-Witten invariants and wall-crossing
In this section we recall in outline why it is possible to define invariant counts of closed pseudo-holomorpic curves in a three complex-dimensional symplectic Calabi-Yau manifold X. We then recall why in the case of curves with Lagrangian boundary conditions the analogous construction does not lead directly to invariants, because of the possibility of boundary bubbling and the corresponding wall-crossing behavior.
The case of Calabi-Yau 3-folds is singled out by the vanishing of the formal dimension of holomorphic curve moduli; which in turn is a shadow of the special role played by these spaces in physical string theory.
Let (X, ω, J) be a symplectic manifold with compatible almost complex structure, for the moment not necessarily a Calabi-Yau 3-fold. By 'holomorphic curve in X' we mean a map u : Σ → X of a Riemann surface into X that solves the Cauchy-Riemann equation du + J • du • j = 0, where j is the complex structure on Σ. The Cauchy-Riemann equation is elliptic and the Fredholm index of its linearization at (u, j) is called the formal dimension of u. It measures the dimension of the moduli space of solutions in a neighborhood of a transversely cut out solution near u. By the Riemann-Roch formula, the formal dimension of a holomorphic curve u : Σ → X is
Here χ(Σ) is the Euler characteristic of Σ, c 1 (X) the first Chern class of X, u * [Σ] the pushforward by u of the fundamental class of Σ, and ·, · the pairing between homology and cohomology. Another key ingredient is Gromov compactness, which asserts that the moduli space M of solutions of the Cauchy-Riemann equation admits a natural compactification consisting of nodal curves. This compactification is in general singular, of the wrong dimension, etc, but one can fix a perturbation scheme which intuitively moves the moduli space M so that it is transversely cut out in the space of all maps. Gromov compactness implies the resulting space is a finite set of weighted points, which can now be counted.
Here we will think of the choices of almost complex structure and perturbation data as parameterized by a space P = P(X). The Gromov-Witten invariants are then constructed by establishing the following properties of P:
(1) For generic λ ∈ P:
(a) There is a space M(X, λ) of λ-holomorphic maps to X. (b) Fixing the genus g and image d ∈ H 2 (X) of the holomorphic map, the space 
Transversality should be understood in some generalized sense, e.g. locally after taking orbifold charts etc; as a consequence the moduli space must be understood as e.g. a weighted branched manifold. Transversality is achieved by letting P parameterize choices of perturbations of the Cauchy-Riemann equation and applying a version of the Sard-Smale theorem. Remaining properties are obtained by combining transversality with Gromov compactness and Floer gluing which implies that there is a perturbation scheme involving, except for smooth domains, only curves with nodal degenerations. For closed Riemann surfaces, nodal degenerations have real codimension two, which in the Calabi-Yau case means that they can be avoided in generic 1-parameter families: moduli spaces have dimension zero and the cobordisms of moduli spaces over paths of perturbation data have dimension one. This then leads to the invariance of curve counts (2e) and the resulting symplectic Gromov-Witten invariants.
We next consider the case of Riemann surfaces with boundary. The boundary condition is given by a Lagrangian submanifold L ⊂ X and the general dimension formula for holomorphic maps u :
where µ(u) is the Maslov number of u (a relative version of 2c 1 ). Here we will consider Lagrangian submanifolds of Maslov index equal to 0 which means that the Maslov number of any u vanishes and, as above, all holomorphic curves are formally rigid. The general features of perturbation schemes discussed above still hold for Riemann surfaces with boundary. However, the key feature that gives invariance fails: in the open case there are generic codimension one degenerations. More precisely, the analogous properties of perturbation schemes P for Riemann surfaces with boundary for a pair (X, L) where X is a 3-dimensional Calabi-Yau and L ⊂ X a Maslov zero Lagrangian submanifold is as follows.
(1) For generic λ ∈ P: (a) There is a space M(X, L; λ) of λ-holomorphic maps to (X, L).
(b) Fixing the genus g, the number of boundary components h, and the 
hence (e) we get a wall-crossing formula
Thus the essential new difficulty in defining the open Gromov-Witten invariants is in accounting for the new boundary components which may appear in the one-parameter families of moduli, and in determining which (if any!) combination of degrees will nevertheless remain invariant in families.
In fact, if one tries to do this with just the moduli arranged by H 2 (X, L) classes as suggested above, there will be few such invariants. The main result of this paper shows how to overcome this difficulty utilizing one more consequence of the transversality mentioned above and which is special to dimension three: for generic holomorphic curves as above
and keeping track of its isotopy class (more precisly what it represents in the skein module) allows us to control the wall-crossing phenomena above.
Linking numbers of open curves and Lagrangians
Let us briefly recall the definition of linking number. Suppose M is an oriented manifold of dimension n and X, Y ⊂ M are disjoint oriented cycles of dimensions x, y with x + y = n − 1. Assuming [Y ] ∈ H y (M ) = 0 then one defines the linking number XAY by choosing a chain C which is transverse to X and with ∂C = Y , and setting XAY := X · C. A different choice C of chain will have ∂(C − C) = 0, and so changing the chain affects the linking number by the intersection of X with the appropriate element of H a+1 (M ). In particular, if H a+1 (M ) = 0, then the linking number is well defined. If M is noncompact, then it is natural to allow the chain C to have closed but not necessarily compact support, hence the above homology groups should be replaced by BorelMoore homology.
Here we want to define a linking number between a 3-dimensional Lagrangian submanifold L and an open holomorphic curve Σ which ends on it, inside a 6-dimensional symplectic manifold. While the dimensions are appropriate, the objects are not transverse and one of them is not closed. Nevertheless the special geometry, plus certain additional choices, will allow us to define this number. Similar constructions was used before in the context of real algebraic geometry, see [57, 9, 3] .
Let L be a smooth orientable n-dimensional manifold, n odd. Let g be a metric on L. Fix a vector field ξ on L with transverse zeros and with corresponding metric-dual 1-form
Note that ∆ ξ is a (n + 1)-chain with singular boundary
where Γ ξ denotes the graph of ξ over L − Z(ξ). Consider next the chain
and note that its boundary is
since the fibers over critical points cancel. Now let X be any symplectic manifold of dimension 2n, and L ⊂ X a Lagrangian submanifold with a transverse vector field ξ. Identify some neighborhood of L in X with D * L.
1. An L-bounding chain compatible with ξ is a singular chain C with ∂C = 2L, and which is sum of ∆ ±ξ and a chain transverse to L.
Remark 3.2. One can produce such C by taking a chain C 0 with ∂C 0 = Γ ξ +Γ −ξ , and perturb slightly. Such a chain exists whenever 2L is null-homologous in X.
where L is a Lagrangian, g a Riemannian metric, ξ is a vector field with transverse zeros, and C is an L-bounding chain compatible with ξ. We often denote the tuple just by L.
In the situation of the definition we may consider the 1-chain γ :
Definition 3.4. An admissible Lagrangian brane is a Lagrangian brane together with a choice of chain σ with ∂σ = γ.
We now specialize to dim L = 3.
be a smooth map which is symplectic in some neighborhood of the boundary. We say u is transverse to L if:
Remark 3.6. Note that the hypothesis that u * (T ∂Σ) is everywhere linearly independent from ξ implies in particular that u * (T ∂Σ) is nowhere zero, i.e. u is an immersion of the boundary. u(∂Σ) is disjoint from Z(ξ). The term ∂uAγ is a sort of self-linking correction, which is present to ensure the following invariance:
Lemma 3.8. Let u t : (Σ, ∂Σ) → (X, L) be a 1-parameter family of holomorphic curves satisfying the hypotheses of Definition 3.5 save with the third replaced by ' u t (∂Σ) is transverse to γ'. Then u t AL, which is defined away from a discrete set of t, is constant.
Proof. Evidently this quantity is locally constant where the conditions of Definition 3.5 hold. It remains to check moments when u t (∂Σ) crosses γ generically.
Since the curve is symplectic near the boundary we have the following local model. The ambient space is C 3 with coordinates (
and the 4-chain C is the subset given by {x 1 = y 2 , x 2 = y 1 }. Then γ is the subset of L given by x 1 = x 2 = 0 and we take the bounding 2-chain σ to be {x 1 ≤ 0, x 2 = 0}. The family of holomorphic curves is u t (ξ + iη) = (t, ξ + iη, 0), for ξ + iη in the upper half plane. Then for t < 0 there is an intersection point contributing to ∂u · σ at (t, 0, 0) and no intersection point in u t ∩ C, whereas for t > 0 there is no intersection point in ∂u ∩ σ but the point (t, it, 0) contributes to u t · C. We conclude that the change in linking u t (∂Σ)Aγ is exactly compensated by the appearance or disappearance of an intersection point in u Jν · C.
Another possible degeneration in a 1-parameter family is that at some moment, the tangent vector to u(∂Σ) becomes a multiple of ξ at one point of the boundary. The generic way this can happen is if, under the inverse of the exponential map followed by orthogonal projection along ξ, the families of curve boundaries gives a versal deformation of a semi-cubical cusp. Recall that we used the linear independence of ξ and the boundary tangent to define the framing of u(∂Σ); conesquently we term a degeneration of this type a transverse framing degeneration. Indeed at such a moment the framing will change by ±1 4 We used the same linear independence for another reason: to define the pushoff u Jν , which entered into our linking formula.
Lemma 3.9. In a 1-parameter family u t : (Σ, ∂Σ) → (X, L) satisfying the hypotheses of Definition 3.5 save at transverse framing degenerations, the framing plus u t AL remains constant.
Proof. We will show that the framing change is canceled by a change in the term u Jν · C. This is a straightforward local check. Consider local coordinates
on X with L corresponding to R 3 . Assume that the vector field θ is θf = ∂ x 3 . Then the 4-chain C is locally given by C = C + + C − , where
A generic family of holomorphic curves with a tangency with ∂ x 3 is given by the map u ± : H → C 3 (H is the upper half plane),
For s < 0 the projection of u| ∂H to the (x 1 , x 2 ) has a double point at z = ± √ −s that contributes to linking according to the sign of u ± . At s = 0 the boundary has a tangency with ∂ x 3 and at s > 0, u ± (H) intersects C ± at u(i √ s) with the sign that agrees with the liking sign before the tangency. Lemma 3.10. For a map u : (Σ, ∂Σ) → (X, L), the framing of u(∂Σ) plus uAL is independent of the choice of ξ and metric g.
Proof. Any two vector fields can be connected by a family of vector fields such that the zeros of the vector fields never meet u(∂Σ). The remaining possible failures of the conditions of Definition 3.5 look exactly like those already considered in Lemma 3.8 and Lemma 3.9, save that we are moving the vector field rather than moving the map.
In case L is disconnected, we can sometimes separate out the self-linking correction ∂uAγ into individual contributions from the separate branes. Indeed if L = L i and correspondingly C = C i , we may consider the 1-chains
As the Lagrangians L i are disjoint, each γ ij is a cycle. Admissibility means that γ = i,j γ ij is a boundary; separating out into components, it means that j γ ij is a boundary. However we could ask that in fact each γ ij was already a boundary. In this case it makes sense to write
The virtue of this convention is that uAL = uAL i . (A defect of it is that if one viewed
itself as a Lagrangian brane, then one would have the incompatible formula uAL i = u Jν · C i + ∂uAγ ii . Nevertheless no confusion should arise.) The argument of Lemma 3.8 applies also to these numbers.
Remark 3.11. We will consider both compact and non-compact Lagrangians and 4-chains. In the non-compact cases we consider, outside a compact set our geometric objects are products with a half line. We take our 4-chains and bounding chains for γ as cycles with closed but possibly noncompact support.
Thus the question of whether or not L and γ bound is a question about Borel-Moore, rather than ordinary, homology. Recall that Borel-Moore homology can be calculated by the sequence
In particular if L is a handlebody, then H BM 1 (L, Z) = 0, so a bounding chain for γ can always be found. The difference between two choices of bounding chains
g , which is generated e.g. by disks filling an appropriate disjoint collection of circles on ∂L.
Local models for crossings and nodal curves
In order to prove invariance of the skein valued Gromov-Witten invariant, we will study 1-parameter families of maps from holomorphic curves with boundary and possibly nodes. For discussion of such maps and their moduli, see [36] and the references therein.
In such families there are instances of nodal curves and as explained in Section 1 the key to invariance is the identification of nodal curves on the boundary in one moduli space with curves with boundary crossings in another moduli space. In this section we will present local models for the maps and moduli involved in generic 1-parameter families of perturbation data.
We use coordinates (
corresponds to R 3 = {y 1 = y 2 = y 3 = 0}, the vector field ξ is ξ = ∂ x 3 , and the 4-chain C is
where the two pieces are both oriented so that they induce the positive orientation on R 3 .
4.1. Hyperbolic boundary. Consider the two 1-parameter families of maps from a strip:
The first is constant in time, and the second has image moving along the x 3 -coordinate. The first and the second have disjoint image except when t = 0. We write u t = u 1 t u 2 t for the map from the disjoint union of these source curves.
Consider the following additional family of maps from a strip:
This is a family limiting to a rescaled map from a nodal curve with the same image as u 0 in the following sense. Translating the domain by −ρ the reparametrized map becomes
which converges uniformly to u 1 0 on any bounded subset in the domain. Likewise after translation by ρ the map converges instead to u 2 0 . This allows us to associate the nodal curve v ∞ at ρ = ∞ with the crossing instance at t = 0 in the family u t . We write v t for the reparameterized family with t = 1/ρ.
Elliptic boundary.
Consider the family of maps from an annulus u t :
given by u t (ζ) = (e ζ , −ie ζ , it), t ∈ (− , ).
The intersection u t ∩ C is the point (0, 0, it).
Consider also the family
Note that v({−ρ} × S 1 ) is a circle of radius √ 2e −ρ in the x 1 x 2 -plane and that the interior of v ρ is disjoint from the 4-chain. Furthermore, as ρ → ∞ the map v ρ converges to u 0 . This allows us to associate the nodal curve v ∞ with the smooth curve u 0 at the instance of crossing with L in the family u t at t = 0. We again write v t for the reparameterized family with t = 1/ρ.
4.3.
Locally standard 1-parameter families. We will ask that our families of maps are locally modelled on the above families in the following sense:
Definition 4.1. Let a t for t ∈ (− , ) and b t for t ∈ [0, ) be two families of prestable maps to (X, L), such that b 0 is a map from a domain with a hyperbolic (resp. elliptic) node with the node mapping to p ∈ L, and that a 0 is the corresponding map from the normalization of b 0 . We say that the pair (a t , b t ) is a standard hyperbolic (resp. elliptic) degeneration if there exists a neighborhood U around p that can be identified with a neighborhood of the origin in C 3 with the Lagrangian corresponding to R 3 and an explicit 4-chain such that there is a diffeomorphism U → C 3 that respects the Lagrangian and the 4-chain and carries the intersections of the curves in the family with U to the curves in the above model family (u t , v t ). If instead b t is a nodal family for t ∈ (− , 0], we again say the pair is a standard hyperbolic (resp. elliptic) degeneration if there is an identification as above with time reversed.
Perturbation and transversality
As noted in the introduction, we do not treat in detail issues of transversality of moduli. We will however sketch the main steps in such a development, which should be possible to implement using the methods of any of the standard approaches to constructing perturbation schemes for holomorphic curves, such as [16, 25, 45] .
Let X be a 3-dimensional Calabi-Yau manifold and let L be a Maslov zero (and therefore necessarily orientable and spin) Lagrangian, with a brane structure in the sense of Definition 3.3. We are interested in moduli of stable maps u : (Σ, ∂Σ) → (X, L). Our domains are holomorphic curves which are possibly disconnected, possibly nodal, and possibly with boundary components.
We recall that a boundary node can be of two kinds: one modeled on half of x 2 + y 2 = 0, and the other modeled on half of x 2 − y 2 = 0. We term the former 'elliptic' and the latter 'hyperbolic'. The elliptic node is the stable limit as the radius of a boundary component shrinks to zero. By the topological type of a (not yet necessarily holomorphic) stable map we mean the data of which Deligne-Mumford moduli space the domain curve belongs to (which can be characterized by various numbers) together with the class of u * [Σ] ∈ H 2 (X, L). For a topological type τ , we write χ(τ ) for the Euler characteristic of a smooth domain in the same Deligne-Mumford moduli space, and deg(τ ) for the corresponding u * [Σ] ∈ H 2 (X, L).
Perturbation properties.
We write Maps τ (X, L) for the 'configuration space', an appropriate (Banach) manifold of not-necessarily-holomorphic maps (see Section 5.2.3 for smoothness assumptions) of the given topological type.
Over the space of maps, we fix a space CR τ (X, L) of 'Cauchy-Riemann data'. This is the data required to write a (perturbed) ∂-equation. (This includes: a map, a possibly domain dependent almost-complex structure on the target X, inhomogeneous term, etc.) We require that CR τ (X, L) → Maps τ (X, L) is a contractible fibration, and we write P τ (X, L) for an appropriate space of sections.
A point in λ ∈ P τ (X, L) is the data of an assignment of a ∂-operator to each map. We call maps solving the corresponding ∂-equation λ-holomorphic. We write M τ (X, L; λ) for the moduli of such maps, C τ (X, L; λ) for the universal curve over M τ (X, L; λ), ∂C τ (X, L; λ) for the universal boundary, and u : (C τ (X, L; λ), ∂C τ (X, L; λ)) → (X, L) for the universal evaluation map. Here, the Cauchy-Riemann data on a nodal domain should be canonically identified with Cauchy-Riemann data on the normalization subject to the condition that the map from the normalization identifies the preimages of the node.
We write P(X, L) ⊂ τ P τ (X, L) for the locus in the product of the perturbation spaces where the choice of Cauchy-Riemann data for maps from a nodal curve always agrees with the choices made for the components. We term this property coherence of perturbations.
The simplest kind of Cauchy-Riemann data is when we simply fix an almost complex structure on the target and make no additional perturbations. In this case it is automatically compatible with breaking into components, so there is an inclusion J (X) ⊂ P(X, L), where J (X) is the space of sections of Cauchy-Riemann data induced by the unperturbed almost complex structures in the space J (X) of compatible almost complex structures on X.
In our setup, we will perturb all curves with nonzero symplectic area, but will leave unperturbed curves of zero symplectic area, i.e. they will continue to map to points. Conversely any such constant map will be λ-holomorphic.
Note that by compatibility of perturbations, it follows that given any non-constant λ-holomorphic curve u : (Σ, ∂Σ) → (X, L), there will be associated to it (positive dimensional families of) higher genus curves with the same image, but along which additional components in the source are collapsed by the map. We will say a map is primitive if it collapses no components. Note that to any λ-holomorphic map v, there is a corresponding λ-holomorphic primitive map v whose domain is obtained by collapsing all components in the domain of v which are collapsed by v.
a neighborhood of J (X), and with the following properties:
(1) Over any λ ∈ P • (X, L), any primitive λ-holomorphic map is a smooth embedding transverse to L in the sense of Definition 3.5. (2) Every component of M τ (X, L; λ) corresponding to a primitive map is an isolated point, and has a well defined degree, #M τ (X, L; λ). (3) The restriction of the primitive components of M(X, L, λ) to any curve in P
• (X, L)
gives a cobordism. In particular #M τ (X, L; λ) is locally constant in P • (X, L). Moreover, considering the universal boundary map over this cobordism gives a cobordism of framed links, i.e. a 1-dimensional compact submanifold in the space of framed embeddings of collections of circles.
Remark 5.2. The term 'cobordism' should be interpreted appropriately to the perturbation setup; e.g. it may be a branched, weighted manifold.
, there is only a single λ t -holomorphic map whose source has smooth domain and which fails to be a smooth embedding transverse to L in the sense of Definition 3.5. We denote this map by u, and require that over some neighborhood over t in the line t-line, the component of the moduli space containing [u] is a trivial cobordism, exhibiting one of the following behaviors:
(1) Hyperbolic crossing. The map u is an immersion everywhere and an embeddding save at two points along the boundary which are identified by the map. We require that the images of the two boundary tangent vectors are linearly independent from each other and from ξ, and that they together with the first order variation of the 1-parameter family span the tangent space of L. (2) Elliptic crossing. The map u is an embedding, but some interior point of the domain is mapped to L. The map at this point is transverse to the 4-chain C. At the crossing moment the tangent space of the curve and the tangent space of L together with the first order variation of 1-parameter family span the tangent space of X. (3) Framing change: u is an embedding, but ∂u becomes tangent to ξ or intersects γ generically (as in Lemmas 3.8 or 3.9).
Finally, we required that are only finitely many exceptional moments corresponding to maps of any given topological type.
Note that in the hyperbolic case, by consistency of perturbations there is a λ t -holomorphic map with the same image as u, but which is an embedding of this image (i.e. has source a nodal domain). We denote this map by u × .
Similarly, in the elliptic case, by consistency of perturbations there is a λ t -holomorphic map with the same image as u, but whose source has a boundary elliptic node at the point which is mapped to L. We denote this map by u • .
We require in addition:
Property 5.4. Let t = 0 be a hyperbolic or elliptic crossing moment as above, let u t be the corresponding family of curves, and let v t be the family degenerating to u × or u • at t = 0. We require that the pair (u t , v t ) is a standard hyperbolic or elliptic degeneration, in the sense of Definition 4.1. In addition we require the degree of the 0-chain associated to the general members of v and u are the same.
Remark 5.5. Recall that we do not perturb constant curves; that is, we require that any map w with w * ω = 0 is a constant map. As a consequence, Property 5.4 contains within it the requirement that if v t is limiting to a hyperbolic node, then neither (of possibly two) connected component of the normalization can have constant image. Indeed, if either component mapped constantly, then the result would by definition not be a standard hyperbolic degeneration. Showing the nonexistence of this sort of degeneration in generic 1-parameter families will be a step in establishing Property 5.4 rather than a consequence of it. In our approach it follows from the requirement that the holomorphic curve equation is standard in a neighborhood of any point mapping to a small neighborhood of the 0-section, see Section 5.2.6.
5.2.
How to construct perturbation data satisfying Properties 5.1, 5.3, 5.4. In this section we will describe the ingredients involved in establishing Properties 5.1, 5.3, 5.4. We start by briefly describing some general features of any perturbation scheme and then turn to the less standard aspects of this that we need in the case under study.
5.2.1.
What we do not peturb. Our perturbation setup will have the following two properties: first, we do not perturb constant maps. Second, we will also require that there is a small neighborhood of the Lagrangian L such that at any point in a curve that maps into this neighborhood the Cauchy-Riemann data corresponds to the unperturbed Cauchy-Riemann equation.
Remark 5.6. For a knot conormal L K ⊂ T * S 3 shifted off the zero section there exists a neighborhood N of the 0-section such that any curve with boundary on L K ∪ S 3 of non-zero symplectic area must leave N .
Coherent perturbations.
We construct our perturbations inductively, inducting on symplectic area and Euler characteristic. The space of perturbations is a fibration over Deligne-Mumford space, where the fiber over a curve is a Sobolev space of maps and auxiliary fields involved in defining the perturbed Cauchy-Riemann equation. A key property of the perturbation scheme is that it is coherent. In other words, we require that at a nodal curve at the boundary of Deligne-Mumford space, the Cauchy-Riemann data chosen is compatible with the Cauchy-Riemann data on the normalization.
To construct such perturbations, we proceed inductively on symplectic area and Euler characteristic. At a given stage, the Cauchy-Riemann data is defined already along the boundary, since this consists of curves whose normalizations were already encountered at earlier stages. We then extend it to a small neighborhood of the boundary using standard models for curves degenerating to a node. We then extend the Cauchy-Riemann data over the rest of the space. The induction begins with the constant curves, which we do not perturb at all. The space P(X, L) will by definition consist of perturbations which have been constructed in this manner.
Jet extensions of boundary evaluation maps.
Here we describe how to show that generic holomorphic curves have the geometric properties needed to define the skein valued Gromov-Witten invariant. The ideas used here are standard. The holomorphic curve equation is a Fredholm problem. Using evaluation maps of various kind we add finite dimensional spaces to the target and source of our maps. The resulting equations are then still Fredholm and we may use the Sard-Smale theorem to prove general position properties of our solutions.
We describe the setup for showing that the boundary of our holomorphic curves give framed links in the Lagrangian (that thus give elements in the framed skein module). The mapping spaces we use in our perturbation scheme P τ (X, L) are Sobolev spaces of maps u : (Σ, ∂Σ) → (X, L) with three derivatives in L 2 and holomorphic up to second order on the boundary. The smoothness assumption means that the restriction ∂u : ∂Σ → L has 5 2 derivatives in L 2 and, in particular, the derivative d ds (∂u) is continuous and we consider the 1-jet evaluation along the boundary
Note first that formal maps of vanishing differential forms a codimension 3 subvariety of J 1 (∂Σ, L). Adding the 1-jet extension to our Fredholm problem as an evaluation map we see that maps with vanishing derivative somewhere along the boundary does not appear in generic 1-parameter families (and at isolated points in generic 2-parameter families). This implies that in generic 1-parameter families of holomorphic curves the restriction to the boundary of any curve is an immersion. Consider next the multi-jet extension
and that the immersion condition implies that there is a neighborhood U ⊂ ∂Σ × ∂Σ such that (j 0 × j 0 ) −1 (U \ ∆ ∂Σ ) = ∅. Transversality of this evelaution map than implies that Note that outside the zeros Z(ξ) of the vector field ξ, ξ determines a codimension two subvariety N ξ of J 1 (∂Σ, L) where the formal differential has image in the line spanned by
denote the union of the fibers over the zeros of ξ and N ξ . As above, extending the Fredholm problem with the 1-jet extension of the evaluation map j 1 (∂u), we find the following. In generic 0-parameter families the tangent vector of ∂u is everywhere linearly independent from ξ. In generic 1-parameter families there are isolated instances where the 1-jet extension intersects N ξ transversely in its smooth top dimensional stratum. Such instances correspond to the versal deformation of a tangency with ξ, see the local model in the proof of Lemma 3.9. Using analogous but simpler additional spaces, one shows that generic curve meets the 4-chain transversely and that their boundaries are disjoint from γ.
5.2.4.
Generic 0-parameter families, sketch of proof of Property 5.1. The Fredholm properties of the∂-equations extended by finite dimensional evaluation data now gives Property 5.1: By the Sard-Smale theorem, for generic λ, the moduli space of λ-holomorphic curves is a weighted zero-manifold. The curves have embedded boundaries that are in general position with respect to the vector field ξ, and the curves themselves are in general position with respect to the 4-chain C, since the curves not meeting these requirements are solutions of a Fredholm problem with negative index. 5.2.5. Generic 1-parameter families, sketch of proof of Property 5.3. The argument described in Section 5.2.4 can be used also to establish Property 5.3. Here we look at paths in the perturbation space which increases the Fredholm index by one. Using the setup described in Section 5.2.3 generic degenerations in 1-parameter families happen in two ways: either we hit the codimension one locus in the finite dimensional space of evaluation data over an interior point in Deligne-Mumford space or we hit the co-dimension one boundary of Deligne-Mumford space (with a point in the codimension zero locus in the evaluation space over it). Property 5.3 concern the former type of degeneration.
As discussed in Section 5.2.3 the codimension one loci are, transverse crossings at the boundary (corresponding to hyperbolic boundary), transverse crossings with L at an interior point (corresponding to elliptic boundary), and general position tangencies with ξ and transverse crossings with γ at the boundary (corresponding to framing change). As in Section 5.2.4, to see that these are the only degenerations we note that curves with other degeneracies would give solutions to a Fredholm problem of index < −1, which by Sard-Smale can be avoided in generic 1-parameter families.
Remark 5.7. For our study of nodal curves with one component a constant curve below, we note that the codimension of curves with derivative at a boundary point that vanishes up to order d is 3d − 1, and that the codimension of curves with an interior point mapping to L where the derivative vanishes up to order d is 6d + 1.
5.2.6. Nodal curves at the boundary of 1-parameter families, sketch of proof of Property 5.4. As mentioned above the moduli space of bordered Riemann surfaces has codimension 1 boundary consisting of curves with boundary nodes. The nodes are of two types: hyperbolic modeled by (4.1) and elliptic modeled by (4.2) .
Let us first show why, in generic 1-parameter families, there are no degenerations to a map from a nodal domain, where one component of the curve is constant. The basic point is that in such a family, if the constant curve has positive genus then the map from other irreducible component must have a singularity at the node (and if the constant curve has genus zero, then the map is unstable). However, the map from the irreducible component cannot be singular, by induction on genus and coherence of perturbations.
In more detail the argument is as follows (compare [6, Section 10] which gives similar results for disks with corners at Lagrangian intersections). Consider a sequence of curves that converges to a curve with a hyperbolic (or real) boundary node. Pick local coordinates (C 3 , R 3 ) around the node so that the almost complex structure at 0 corresponds to the standard complex structure on Noting that the other component converges to a curve with derivative that vanishes to order d we find by transversality in earlier steps that d = 0. This means that C, after projection to the complex line of the Reeb chord, gives a branched cover of the disk of degree 1 and hence is itself a disk. Thus, the sequence of curves in fact converges without bubbling and the limit curve is in fact not nodal but smooth. (Compare to what happens in a fixed curve as we cut out smaller and smaller half-disks around a boundary point in the domain.)
Remark 5.8. When the curve converges at rate e −(d+1)ρ for d > 0 we find that the map on C, after rescaling and projection to a line is a branched cover of the disk. The double of C therefore has Euler characteristic χ given by
where b is the total branching of the projection, by the Riemann-Hurwitz formula.
The case of elliptic (or imaginary) nodes is similar. Here, the growing region in the domain is a cylinder [−ρ, ρ] × S 1 with exponential decay. After scaling we find that the double of the curve converging to a constant, when projected to the complex plane containing the line of the Reeb orbit corresponding to the asymptotic and its complex conjugate is a punctured degree 2 curve and hence a sphere. This means we have the standard elliptic node.
Remark 5.9. Increasing the exponential decay from e −ρ to e −(d+1)ρ increases the codimension of the limiting curve to 6d + 1 and the limit of the constant curve gives a punctured degree 2d in the complex plane of the asymptotic Reeb orbit and its conjugate.
We next consider the nodes that actually appear in generic 1-parameter families. We wish to show that these are given by the standard models; this will be an instance of Floer gluing.
Consider first the hyperbolic case. By coherence of our perturbation scheme we find at a hyperbolic node an associated smooth curve with a generic crossing in our 1-parameter family. Consider half-strip coordinates [0, ∞)×[0, π] around the preimages of the intersection points. We construct a pre-glued curve by cutting these neighborhoods at large ρ 0 and interpolating to a cut-off version of the standard model of the hyperbolic node (4.1). At this pre-glued curve we invert the differential on the complement of the linearized variation of the 1-parameter family and then establish the quadratic estimate needed for Floer's Newton iteration argument using standard arguments, compare e.g. [12, Section 6] . It then follows that for sufficiently large ρ there are uniquely determined solutions in a neighborhood of the pre-glued curve and arbitrarily near to it in the functional norm that we use (three derivatives in L 2 ). Here the solution will in particular be C 1 -close to the preglued curve.
The argument is similar in the elliptic case. By coherence of our perturbation scheme we find at an elliptic node an associated smooth curve with a generic crossing with L in our 1-parameter family. Consider half-cylinder coordinates [0, ∞) × S 1 around the preimage of the intersection point. We construct a pre-glued curve by cutting the neighborhoods at large ρ 0 and interpolating to a cut-off version of the standard model of the elliptic node (4.2). At this pre-glued curve we invert the differential on the complement of the linearized variation of the 1-parameter family and then again establish the quadratic estimate needed for Floer's Newton iteration argument. Again, for sufficiently large ρ there are uniquely determined solutions in a neighborhood of the pre-glued curve and arbitrarily near to it in the functional norm that we use which here implies that the solution will be C 1 -close to the preglued curve. This gives the desired gluing result for the moduli spaces involved, i.e. the 1-dimensional moduli space of the nodal curve is obtained by gluing from at the degenerate instance in the 1-parameter family of the smooth moduli space and thereby relates one to the other as a weighted manifold and thus establishes Property 5.4. Remark 5.10. As we approach the constant in the elliptic estimate of the linearized operator approaches zero. More precisely, the constant in the estimate is uniform on a codimension one subspace and decays linearly on its complement. This means that the evaluation of the moduli spaces to the parameter of the path has a quadratic degeneration at its endpoint, see Figure 2 . Figure 2 . Moduli spaces near nodal curves, top hyperbolic and bottom elliptic. Solid blue lines indicates parameterized moduli spaces of curves, with the interesting parts of the curves depicted above them. The green dashed line indicates the association of points in distinct moduli spaces that leads to the skein relation.
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Constant curve contributions.
Recall that to each primitive λ-holomorphic curve, there are positive dimensional moduli of higher genus curves obtained by attaching to the domain various components which will be collapsed by the map. Nevertheless these moduli have virtual dimension zero and thus can be expected to carry fundamental chains of dimension zero.
To define this chain one should make some choices. To see what these are, let us first describe the space in question. Let u : (Σ, ∂Σ) → (X, L) be a primitive λ-holomorphic curve for λ ∈ P
• (X, L), we write M u,χ (X, L) be the union of all components of moduli of λ-holomorphic curve whose non-contracted component maps as u, and such that the topological Euler characteristic of a smooth deformation of the domain of the map is χ. In case C is connected, there will be only one component; the discussion reduces to this case so we restrict to it now. A point of M u,χ (X, L) describes the attachment of curves at points of C which are contracted by the map. Attaching a curve of genus g decreases the Euler characteristic (of a smoothing) by 2g. The space M u,χ (X, L) maps to the Fulton-Macpherson configuration space of points in Σ; above a configuration with underlying divisor n i [p i ], are the curves formed by attaching genus n i at each p i . Thus the fiber is a product of Deligne-Mumford spaces of curves with one marked point. Note that the boundary of the moduli space lives entirely over the locus where one of the p i is at the boundary. Away from the boundary of the moduli, the Deligne-Mumford spaces in the fiber are moduli of compact curves. See [43] for details in the case of a closed curve Σ.
In [36] , a Kuranishi structure for moduli of open maps is constructed. As the moduli space has boundary, in order to define a virtual chain it is necessary to fix a perturbation along the boundary. As in [43] , the obstruction bundle is built from bundles associated to the Deligne-Mumford spaces, and the normal bundle to the map. A nonvanishing section of the latter at the boundary is given by the framing along ∂u, and we may use this to define a section of the obstruction bundle over the moduli space that is nonvanishing along the boundary.
Intuitively, this means that the perturbed higher genus curves can be thought of as lying above the zeroes of a section of a power of the determinant of the normal bundle.
be the union of all components of moduli of λ-holomorphic curve whose non-contracted component maps as u, and such that the topological Euler characteristic of a smooth deformation of the domain of the map is χ. Then the virtual chain of M u,χ (X, L) has the following property:
Proof. On our space, the interior of the moduli space is identical to what it would be in the case of a closed curve. As noted in [43] , the only way the curve Σ and the normal bundle N to the map influence the obstruction bundle calculation is through the formula Σ c 1 (N * ) = χ(Σ); everything else is internal to the Deligne-Mumford spaces. The same argument as in [43] suffices so long as our choice of trivialization of section of N * along ∂Σ guarantees that the above formula holds in the open case as well.
Remark 5.12. A similar formula in the case of real Gromov-Witten invariants follows from [19] ; it may be possible to obtain Proposition 5.11 with these methods as well.
Remark 5.13. The high codimension phenomenon of a zero of the obstruction section going to the boundary can be thought of as related to the non-possibility of a curve degenerating to a nodal domain, one of whose components is mapping constantly.
Remark 5.14. The formula in the closed case is the non-multiple-cover part of the multiple cover formula of [20] ; by now even a version of the full multiple cover formula is known [5, 29] .
We have been somewhat informal in the discussion in this subsection. In recompense we note that in fact, for our purposes, the statement of Proposition 5.11 could simply be taken as a definition of the zero-chain: it follows from the discussion of invariance that it suffices to count primitive curves weighted by z −χ and substitute at the end z = e Let Sk(L) be the skein of L, in variables (a, q), a = (a 1 , . . . , a k ). Recall that Sk(L) is obtained from Sk(L) by tensoring with Q((g s )) over Q q , where q → e gs .
For λ ∈ P • (X, L), we define
We emphasize that we count all maps from possibly disconnected curves such that the image of each component has nonzero symplectic area.
Remark 6.1. Recall that for a primitive map u, we write M u,χ (X, L) for the moduli space of maps obtained by attaching some contracted components to the source of u, such that a smoothing of the new domain has topological Euler characteristic χ. Recall that we suggested a definition of the virtual chain in order to define degrees #M u,χ (X, L), and asserted in Proposition 5.11 a formula for summing these. It would follow from this formula that the above definition can be rewritten
This expression is just the sum over all components of M(X, L; λ).
Proof. First note that from Property 5.1, Ψ X,L,λ is locally constant in P • (X, L).
We turn to wall crossings. That is, consider two points λ 0 and λ 1 , and a path λ t connecting them. We want to study the critical moments along the path.
To prove the desired constancy of Ψ X,L,λ , it is enough to consider the part of the series contributed by curves of bounded genus and bounded symplectic area, and then let the bound go to infinity. With these restrictions the set of topological types we must consider at any given time becomes finite; hence the same is true for the wall crossings, and we need discuss only one wall at a time.
For crossings of 'framing change' type, by applying Lemmas 3.8 and 3.9 to the cobordisms demanded in Property 5.3, and comparing to the framing change skein relation, we see that the term a uAL · ∂u is itself invariant.
We now turn to walls corresponding to hyperbolic and elliptic boundary. First, the hyperbolic case. Note at this moment there are exactly two primitive maps with nodal image: an embedding of a nodal curve u × , and an immersion of a smooth one u. We will write u ± for the curves immediately before and after u in its family, and u H for the deformation of u × which appears on one side (either before or after). We write w(u • ) for the degree of the 0-chain on the corresponding moduli space.
According to Property 5.3, curves unrelated to u undergo no critical moments, and the 4-chain intersection and H 2 (X, L) of all the u • are the same. Using Property 5.11 to sum the degenerate contributions, the total change in Φ X,L,λ is a multiple of
Thus the above discrepancy is a multiple of
Recall that Property 5.4 asks that the crossing moment is locally given by the model in Section 4, in the sense of Definition 4.1. Inspection of the hyperbolic model shows that the images of the boundary under u ± differ precisely by a crossing change ! ↔ ", whereas the boundary of u H is correspondingly the H. Likewise in the model, the ± matches the direction of the crossing change so that the above expression is nothing other than the skein relation and hence is zero in the skein module. Now let us consider the elliptic crossing. We use similar notations as above, save writing u • instead of u × , and u instead of u H . The same considerations apply, with one exception:
u ± have one more or one less intersection with the 4-chain than u • does. Thus now the relation is
∂u .
Again inspecting the model in Section 4, the difference between the boundaries is that ∂u has an extra unknot as compared to ∂u ± , the latter two being isotopic to each other. Thus, the above expression is a multiple of
.
Likewise the fact that the third sign is ∓ rather than ± can be seen from the model. Now the above expression vanishes, since for the unknot we have:
We may consider the empty Lagrangian, in which case Ψ X is just the usual closed GromovWitten count of disconnected curves (which is the exponential of the series most commonly considered in the mathematics literature). We can define a reduced invariant Ψ X,L /Ψ X ; it is independent of choices because both numerator and denominator are. However, it does not generally have a direct and invariant enumerative intepretation: it may happen that closed curves have nonvanishing intersection number with the 4-chain for L, hence contribute differently to the numerator and denominator. However:
• (X, L) is such that every closed λ-holomorphic curve has zero intersection number with the 4-chain for L. Then
where the sum is taken only over primitive maps such that every component of the domain is a curve with boundary.
Example 6.4. Because we count with coefficients in the skein module, and take into account the 4-chain, the contributions of closed curves which intersect the 4-chain cannot be invariantly separated from those of open curves with contractible boundary. For example, suppose that we have found generic perturbation data such that there are no curves with boundary on L and that no closed curve intersects the 4-chain. Then Φ X,L /Φ X counts only actual curves with boundary. There are no such, so Φ X,L /Φ X = 1. Now deform the data, e.g. the 4-chain, in such a way that there is an instance when the 4-chain becomes tangent to one of the closed curves. After this instance that closed curve intersects the 4-chain in two points with opposite intersection signs. After further deformation one of these intersection points moves to the boundary L of the 4-chain and at an elliptic crossing a new holomorphic curve with boundary on L is born. After this moment there is a unique primitive curve with boundary on L. Nevertheless its contribution is cancelled by that of closed curves, and it remains the case that Φ X,L /Φ X = 1.
SFT and the conifold transition
In this section we prove a comparison result between open Gromov-Witten theory in T * S 3 and in the resolved conifold. The key ingredient is SFT compactness and the stretching arguments it makes possible.
7.1. SFT stretching near Lagrangian submanifolds. In this section we review SFTstretching in the context we will require it. Let L ⊂ X be a Lagrangian. We consider a family of almost complex structures J s , s ∈ [0, ∞) on X as follows. Recall that a neighborhood N of L can be symplectically identified with a neighborhood of the 0-section L inside T * L. We think of this neighborhood N as the unit disk cotangent bundle D 1 T * L. For s ∈ [0, ∞), we consider the following three symplectic manifolds:
where we equip the symplectization pieces with the same R-invariant almost complex structure and denote it J s . Define
s , where τ 2s (σ, y) = (σ+2s, y) is the conformally symplectic map that intertwines the symplectic structure d(e σ α) with d(e σ+2s α). Shrinking the neighborhood N slightly we can identify X with X for small > 0 and define diffeomorphisms φ s : X s → X by shrinking X 0 s to X 0 .
Via these diffeomorphisms we can transport J s to a family J s of almost complex structures on X, all compatible with the symplectic structure ω: While SFT compactness is well established in the literature, strictly speaking to use it here we would have to show that whatever perturbation setup is chosen to establish the various properties above is compatible with the SFT arguments. This should occasion no new difficulties. In fact one could leave the equations unperturbed in the stretching region. Using this form of transversality we get the following. Proof. The dimension of such a curve would be the negative of the index of γ. By transversality the corresponding moduli space is then generically empty. to d(e t pdq) + ω, where ω is independent of t. For large t this can be viewed as a small perturbation that vanishes in the limit t → ∞. We say that X is an asymptotic symplectic filling of ST * S 3 . We also use the notion asymptotically convex at infinity for symplectic manifolds with positive ends that are asymptotic to symplectizations of contact manifolds in the above sense. Similarly, we say that a Lagrangian L ⊂X is asymptotically Legendrian at infinity if it is asymptotically close in the same sense to the symplectization R × Λ of a Legendrian Λ ⊂ ST * S 3 . See [33] for basic results about holomorphic curves in this setting.
From topological string theory [61, 21, 22, 42] comes the prediction that the Chern-Simons theory on S 3 should be equivalent to topological string theory on X = T * S 3 with N branes along the zero section, which in turn should be equivalent to topological string theory in X.
Here the number N of branes in X is supposed to be related by a change of variables to a parameter measuring the area of the P 1 .
In our setup, we do not explicitly have a 'number of branes'. Instead we have the 4-chain, and the resulting Lagrangian linking number it determines. Indeed, if one were to imagine taking N branes, it would mean in our context having N times the 4-chain, hence multiplying the linking number by N . Thus we expect a change of variables replacing our a variable counting linking with the S 3 with a Q variable counting H 2 class along the P 1 .
Note next that the almost complex structure J ρ is not compatible with this new symplectic form. We change it to a compatible almost complex structure J ρ,δ by adding a linear operator of size δ. By transversality all (perturbed, non-constant) J ρ -holomorphic curves in T * S 3 with boundary on L are transversely cut out. Hence for δ > 0 sufficiently small all J ρ,δ -holomorphic curves are transversely cut out as well and moreover canonically identified with the J ρ -holomorphic curves. Consider small δ > 0 so that this identification of curves applies. Note that both the standard almost complex structure on B and J ρ,δ give almost complex structures on N (5 ) \ N (4 ) that are compatible with the symplectic form on X. Interpolating between the two gives a compatible almost complex structure J δ on X.
We claim that for all sufficiently small δ > 0 all (perturbed) J δ -holomorphic curves that contributes to the numerator in the right hand side of (7.1) are either J δ -holomorphic curves in T * S 3 \N ( negative punctures at a Reeb orbit. As in Lemma 7.5 such a curve would have negative dimension and therefore does not exist by transversality. We have thus shown that for ρ > 0 and δ > 0 all closed (perturbed) J δ -holomorphic curves in X have image in a small neighborhood of the middle CP 1 , and in particular avoid the 4-chain associated to L. As we pointed out in Lemma 6.3, so long as the closed curves avoid the 4-chain, the quantity on the right hand side of the asserted equality has a direct meaning: it counts holomorphic maps such that each component maps to the Lagrangian L. Figure 3 . Top picture shows the unique annulus with boundary on L K and along K ⊂ S 3 , before SFT-stretching. As we SFT-stretch, the boundary on S 3 undergoes skein moves until, as illustrated in the bottom picture, all curves left an -neighborhood of S 3 .
Enumerative meaning of the HOMFLYPT polynomial
We now wish to begin studying what this invariant actually computes. As it will take values in a tensor product of skein modules of S 3 and solid tori, let us recall what these are. First, the skein module of S 3 is just the free rank one module over the coefficient ring, generated by the class of the empty knot. This assertion is equivalent to the existence of the HOMFLYPT polynomial P K (a, q) of links K:
For the solid torus T, we recall from [54] that Sk(T) is a free polynomial algebra over
The algebra can be viewed as a Z-graded, with deg( i ) = i; the grading records the class in H 1 (T) determined by the skein representative. We write Sk + (T) and Sk − (T) for the subalgebras on the positive and negative generators; Sk(T) = Sk
module on a basis naturally indexed by partitions. In fact there is a natural identification of Sk + (T) with the ring of symmetric functions, but we will not need it at the moment. It follows formally that analogous statements hold for the completion Sk(T) as an algebra over
In particular, if we fix a basis for the skein of the solid torus, e.g. monomials in the i , then we may extract the corresponding coefficients of Ψ T * S 3 , 
Remark 8.3. Recalling that 1 is represented by the longitude in the solid torus, we note that the monomial appearing in Theorem 8.2 can be absorbed appropriate framing choice.
Proof. For this we require the following further property of the perturbation setup: if, for some fixed complex structure on the target, all pseudoholomorphic curves below some given area and genus bound already satisfy the requirements of Property 5.1, then we may count these actually pseudo-holomorphic curves. As the curves are already transversely cut out no further perturbation is necessary (and any sufficiently small perturbation gives a canonically isomorphic moduli space).
Isotope the knot K to be real analytic and consider analytic coordinates (s, x 1 , x 2 ) ∈ S 1 ×(− , ) 2 on a tubular neighborhood of K. Complexfying the coordinates gives coordinates (s + it, x 1 + iy 1 , x 2 + iy 2 ) = (s + it, z 1 , z 2 ), where (t, y 1 , y 2 ) ∈ (−δ, δ) 3 for some small δ > 0, on a neighborhood of K in T * S 3 . Fix an almost complex structure that agrees with the standard complex structure in this neighborhood. The intersection of the η-shifted conormal L K of K with this neighborhood is the subset L K ∩ N bd(K) = {(s + it, z 1 , z 2 ) : t = η, x 1 = x 2 = 0}.
There is an obvious holomorphic annulus A with boundary on S 3 ∪ L K given by A = {(s + it, z 1 , z 2 ) : 0 ≤ t ≤ η, z 1 = z 2 = 0}.
We claim that for η sufficiently small, A is the only non-constant holomorphic curve with boundary on S 3 ∪ L K in the homology class of the positive generator of H 2 (T * S 3 , S 3 ∪ L).
Write N (r) for an r-neighborhood of K in T * S 3 where r is sufficiently small so that N (r)
is contained in our coordinate neighborhood. Assume that there is a boundary point of the curve passing through a point p ∈ S 3 ∪ L K outside N ( 1 2 r), then, provided r is sufficiently small, there is ball of radius 1 4 r around p that intersects L in a disk. By monotonicity, it then follows that the area of the curve is larger than Cr 2 for some constant C, but the area of the curve is bounded by C δ so for sufficiently small δ > 0 the boundary of the curve lies inside N ( 1 2 r). Assume now that there is an interior point that maps to a point q outside N ( 1 2 r). Then we find a ball of radius 1 4 r around q that contains no boundary point of the curve. Montonicity then implies that the area of the curve is > Cr 2 which again gives a contradiction for small enough δ. We conclude that any curve lies inside N (r). Let u be such a curve then we compose u with the local coordinate projection to the (z 1 , z 2 )-plane. The boundary of the projection then maps to R × R and we find that the area of the projection is either constant or at least 1 4 πρ 2 , where ρ is the radius of coordinate disk contained in our neighborhood. It follows that the projection of the curve to the (z 1 , z 2 )-plane is constant. It is easy to see that the curve must then be the standard annulus A in the first coordinate. It remains to check that A is transversely cut out. The linearization of the∂-operator at A is simply the standard∂-operator with boundary condition in R × R 2 along on boundary component and R × iR 2 along the other, there is a constant solution in the R-direction (the linearization of rotations along A) and no solutions in the other directions. It follows that the curve is transversely cut out. It follows that the cylinders A for each knot component of K are the only curves in the class of the generator. Thus the coefficient of 1 ⊗ 1 ⊗ · · · ⊗ 1 is just the count of the union of these singly covered cylinders. A cylinder has Euler characteristic zero, so there are no constant curve contributions. So this count is just 1 times the boundary in S 3 , which is the original link K itself, K ∈ Sk(S 3 ).
Appendix A. Physical origin of the 4-chain
In this section we give a brief motivation from M-theory of the 4-chain used to define the linking number with L. Recall that Chern-Simons theory on the 3-manifold L is concerned with the path integral If X is a Calabi-Yau 3-fold and L ⊂ X is a Lagrangian then in topological string theory one considers L as a boundary condition for open strings. Here there are gauge fields in the form of U (1) connections living on L, and L with such a connection is called a brane. More generally one considers N coincident branes along L. Then the dynamics of short strings stretching between the branes is goverened by U (N ) gauge theory along L and the end points of strings couple 'electrically' to these gauge fields.
As explained in [61] , in T * L where there are no non-constant instantons the string field theory reduces to a theory on the space of the low energy super symmetric states which in this case is simply the space of constant maps or L itself, and the string field theory action becomes the Chern-Simons action. Considering next L ⊂ X, where X contains nonconstant holomorphic curve u with boundary ∂u, [61] integrates out the contribution form the non-constant curve and arrives at a theory on L with effective action.
CS(A) + e area(u) g χ(u) s tr(Hol ∂u (A)), where area(u) is the symplectic area of u and Hol ∂u is the holonomy along the boundary. Expanding the exponential in the path integral this means that the partition function is multiplied by the insertion of the Wilson loop of all disjoint curves corresponding to u. This is the starting point for our skein valued Gromov-Witten invariants. Note however that it does not agree exactly with what we would get, and that the result obtained is not invariant under deformations. To see this consider stretching so that boundaries disappear. In that case the partition clearly changes with the HOMFLYPT polynomial of the disappearing link. Our skein invariants remain invariant and what is missing is the contributions from the 4-chain intersections. To see where these originate from physically, we turn to M-theory. In this set up M-theory lives in the 11-dimensional space X × S 1 × R 4 , and our theory is a reduction of this theory to X. In M-theory there are M2 branes with 3-dimensional world sheets and M5 branes with 6-dimensional world sheets. The Lagrangian L ⊂ X originates from an M5 brane on L × S 1 × R 2 and the holomorphic curves u originates from M2 branes on u × S 1 . The M5 brane is the source of a 3-form that couples electrically to M2 branes.
More precisely, there is a 4-form field strength G 4 that is a solution to the equation
where j M 5 is a Dirac 5-form in the directions normal to the M 5-brane, and the 3-form A 3 satisfies dA 3 = G 4 .
The electric coupling is then simply M 2 A 3 . From a topological view point we can represent the field strength G 4 by a 7-chain with boundary M 5 thought of as a family of Dirac strings emanating from M5. The 3-form A 3 then measures linking with this 7-chain and thus corresponds to intersections with another family of Dirac strings emanating from the 7-chain, compare e.g. [34] .
After reduction this leaves a magnetic (linking) coupling between L and holomorphic curves roughly corresponding to the second family of Dirac strings. We denote the corresponding field strength G 2 . This gives another term in the deformation of Chern-Simons theory which then looks like:
It is not immediate to make sense out of this formula since the boundary of the holmorphic curve goes right through the source of G 2 which is the reduction of A 3 . Similarly, in the case that the 4-chain C intersects L there is a similar extra term in the path integral that corresponds to defects of the connections along the curve γ of intersection. The correction originates from the term A 3 ∧ G 4 ∧ G 4 in the M-theory action, or in other words the dual of G 4 ∧ G 4 that interacts electrically with M2 branes, or more geometrically the self-intersections of the 7-chain of Dirac strings is a 3-dimensional object that affects M2 branes like other M2 branes.
